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A KERNEL APPROACH TO THE LOCAL SOLVABILITY
OF THE TANGENTIAL CAUCHY RIEMANN EQUATIONS
BY
A. BOGGESS! AND M.- C. SHAW

ABSTRACT. An integral kernel approach is given for the proof of the theorem of
Andreotti and Hill which states that the Y(g) condition of Kohn is a sufficient
condition for local solvability of the tangential Cauchy Riemann equations on a real
hypersurface in C". In addition, we provide an integral kernel approach to nonsolva-
bility for a certain class of real hypersurfaces in the case when Y(gq) is not satisfied.

1. Let M be a smooth real hypersurface in C" and let z, € M. If q is an integer
with 0 < g < n — 1, then we say that M satisfies condition Y(gq) (cf. [FK]) at z, if
the Levi form of M at z,, has either max{n — ¢, g + 1} eigenvalues of the same sign
or min{n — ¢, q + 1} positive and min{n — g, ¢ + 1} negative eigenvalues. Note
that if the Levi form of M at z, has r positive and s negative eigenvalues and
r + s = n — 1, then M satisfies condition Y(g) forall0 < g < n — 1 exceptqg = r, s.
In particular, if M is strictly pseudoconvex, M satisfies condition Y(gq) for all
1 <g<n-—2 In 1972, Andreotti and Hill [AH], showed that if M satisfies
condition Y(q) at z,, then the tangential Cauchy Riemann equations (9,,u = f) are
locally solvable in degree ¢ near z,. It has been the goal of recent research to
represent a solution u by integral formulas. This was done by Henkin [He, Theorem
5.1] in 1977 in the strictly pseudoconvex case. Integral formulas for u were also
found in 1980 in [B2] under the assumption that M satisfies the first half of
condition Y(gq). In this paper, we handle the latter half of condition Y(q) and thus
we provide an entirely integral kernel approach to the proof of the result of
Andreotti and Hill mentioned above. In addition, we provide an integral kernel
approach to nonsolvability when condition Y(q) is not satisfied. Finally, if g = 0,
our approach yields (yet) another proof of the classical Hans Lewy (2 sided) CR
extension theorem with an integral kernel representation of the extension.

To state our result let us introduce some notation. A?-9(C") will denote the bundle
of (p, g) forms on C". If V is an open set in C”, then &7-9(V') (resp. 27:9(V)) will
denote the space of smooth sections of A?-9(C") over V (resp. with compact support
in V). Let M be a smooth real hypersurface defined by M = {z € C"; p(z) = 0},
where p: C" — R with dp # 0 on M. Let A?*9(M) be the subbundle of A?4(C")|,,
consisting of those forms in A?*9(C")|,, which are orthogonal to the ideal generated
by 9p(z), z € M (under the usual Hermitian metric for forms in C"). If Vis an open
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subset of M, we let &f9(V) (resp. 2{;9(V')) denote the space of smooth sections of
AP-9(M) over V (resp. with compact support in V).

We let T),: A?9(C")|,, — AP9(M) be the orthogonal projection map. With this
notation, 9,,: &5 9V) - &5} (V) is defined as follows. Suppose f € ELYV). Let
j € &ruC) with ({1} 7, = /. Then 3, f:= (3], )7,

Our goal in this paper is to provide integral kernel proofs of the following
theorems.

1.1. THEOREM. Suppose M is a smooth real submanifold of C" and z is a point in M.
Suppose M satisfies condition Y(q) at z, for some integer g, 1 < q < n — 1. Given an
open set w D z, in M, there is an open set w' 3 zy, in M with &’ C w such that if
f € ELUw) withdyf=0onw, then thereisau € 9 (w') with dpu = fon o'

DEFINITION. We say that the tangential Cauchy Riemann equations are not locally
solvable in degree q in z if there is a fundamental sequence of open sets { w} such
that for each w there is an f € £”%(w) with 9,,f = 0 on w for which there is no
smooth u which solves 9 »u = fin any neighborhood of z,,.

1.2 THEOREM (NONSOLVABILITY [Hi]). Suppose the Levi form of M at z, has q
positive and n — q — 1 negative eigenvalues for some integer q,1 < q < n — 1. Then
the tangential Cauchy Riemann equations are not locally solvable in degrees q and
n—gq—latz,

Note that conditions Y(gq) and Y(n — g — 1) are not satisfied in the above
theorem. Actually the hypothesis can be weakened somewhat to include examples of
hypersurfaces with degenerate Levi forms which Hill was not able to handle in [Hi]

(cf. §5).

1.3 THEOREM (HANS LEWY’S 2 - SIDED EXTENSION THEOREM [L]). Suppose the Levi
form of M at z has at least one positive and one negative eigenvalue (condition Y(0)).
Given w 3 z, an open set in M, there exists an open set W 2 z, in C" such that if
f € &L%w) with 3,,f = 0 on w (CR function), then there is a unique F € EPOW)
withdF = 0 on Wand F|, = f.

We also note there are related recent results of Treves [T1, T2] which discuss
solvability and nonsolvability of overdetermined systems of partial differential
equations with real analytic coefficients. His techniques do not involve kernels and
are quite different from ours.

2. Let u, v: C"XC" - C" u$, z) = (u(, 2),...,u,(8 2)), v, z)=
(v,(8, 2),...,0,(¢, 2)), be smooth functions. We shall use the notation

u(¢,z)(§-z)= ’_' “j(f’ z)({j - Z,/)’

J

n

u($,z)-d(§ —z2) = > uj(§’ Z)d({j - zj)’

Jj=1

u(¢, z)-d(¢, z) = i éuj({, Z)A d(fj — zj),
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and we define the following kernels:

@ woteo) = e [AE D ] o[BHEGHED

(2.1b)  L(v)(¢, z) (defined as above with u replaced by v),
(2.1¢)

R(u,v)($,z) = (27ri)'"[

u(§,z) -d(§ = z)J A [v(f, 2)-d(§ - z)
u(§,2)-(§=2) || u(®,2)-(§ - 2)

A [Eu(g’z)'d(f—Z)]j/\[?)v({,z)-d({—z)]k
jtkhk=n=2 u({, Z)'({-z) U(f,z)’(f—z) .

The 9 operator used in the above formulas is taken with respect to both variables ¢
and z. If we wish to emphasize 9 with respect to say the variable {, we shall write 5;.
We have 9, , = 3, + 9..

We have the identities (cf. [HP], Theorem 4.10])

53’.:{R(“’ U)(f, Z)} = L(U)(f, Z) - L(u)({, Z),
A L(u)($, 2)} = 3 {L(0)($, 2)} = 0.

These identities hold on the sets where the kernels are smoothly defined.

Let M be a smooth real and orientable hypersurface in C”. We shall eventually
integrate the above kernels over M. To do so, we shall require the functions u and v
to satisfy certain properties which we now discuss. Suppose M is the boundary of an
openset D C C”".

2.3. DEFINITION. We say that a smooth function p: C" — R is a defining function
for the pair (M, D) if (i) p(¢) = 0 on M, (ii) p($) < 0, ¢ € D, and (iii) dp($) # 0 on
M.

2.4. DEFINITION. We say that u is a local support function for (M, D) at a point
zy € M if there exists an open set U > z, and a defining function p for (M N U,
D N U) such that:

(a) there exists a constant C > 0 with

(2.42) Re[u(%,2) (¢ - 2)] = C[p(¥) = p(2) + [k ~ 2] fort.ze v,
(b) foreachz € U

(2.4b) de{Im[u(§,z) (¢ = 2)]}|,_. A dp(z) # 0.

Now let M divide C” into two open sets D~ and D* and let z, € M. Suppose u is a
local support function for (M, D) at z,, and let v be a local support function for
(M, D¥) at z,. Note that if { € M N U and z € D N U (U is the open set in
Definition 2.4), then u({, z) - ({ — z) # 0 by (2.4a). Therefore, if f € 279(M N U),
then the form

(2.2)

n,n—1

Lw)([MI* A f)(a)i= [ L) 2) ATRY
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is well defined and smooth for z € U N D~. Here, the bracket above the integrand
indicates that only the piece of type (n, n — 1) in { in the integrand is integrated
over M. Likewise, the form L(v)([M]%' A f)(z) is well defined and smooth
for z € UN D*. The next proposition allows us to take boundary values of
L(u)((M]%' A f)(z) and L(v)[M]%! A f)(z) as z approaches M from D~ and D*
respectively. It also allows us to define R(u, v)((M]%' A f)(z) forz € M.

2.5 PROPOSITION. Let M divide C" into the open sets D* and D~ and let z;, € M.
Suppose u is a local support function for (M, D") at z, and v is a local support function
for(M,D%)atzy Letf€ 2P9(MNU)0<q<n-10<p<n

(a) L(u)(M]® A f) is smooth (C®) on D N U. In particular
Ly (u)(f)= {L(u)Y[M]*" A f)|p} 1, defines a smooth form on M N U.

(b) L(v)IM]® A f) is smooth (C*®) on DY N U. In particular
Ly (o) f):= {L(v)(M]1*' A f)|r) 1, defines a smooth form on M N U.

(c) R(u, v)(§, z) is locally integrable on { M N U) X { M N U }. Moreover

Ry (u,0)(£)(2):= { [, ® I /\f(é’)'}

defines a smooth form forz € M N U.
(d) Forfe 27 9(MnNU),0<g<n-1,

(2.5d) f= _[éM{RM(u’U)(f)} +RM(“’U)(§Mf)]
+[ Ly (0)(f) = Ly (u)(f)] onM N U.
Parts (a) and (b) are proved in [HP2, Theorem 8.1]. Instead of (2.4b), they assume

(2.6)  d(Reu($,2) (8 —2)} o, A de{Imu(§, 2) -(§ = 2)} . # 0

for z € U and likewise for v. However the proof of (a) and (b) can be simplified by
using (2.4b) because (2.4b) allows a smooth change of variables which flattens M
and declares Im(u(§, z) - ({ — z)) to be an independent coordinate. In any event all
support functions constructed here will satisfy both (2.4b) and (2.6). The regularity
of the R kernel is proved in [He, Theorem 3.1] (see also [B1, Theorem 3.8]). In these
two references, M is assumed to be strictly pseudoconvex. However, only the
properties (2.4a) and (2.4b) are used in the proofs. Part (d) is proved in [He,
Theorem 3.2] (see also [B2, §§3, 4] for a discussion which employs our notation).
Note from (2.5d) that the terms L, (v)(f) and Lj,(u)(f) are obstructions to
solving the equations 9,,g = f. If M = {z; p(z) = 0}, where p: C" — R is a strictly
convex function, and if D*= {z; p(z) > 0} and D™= {z; p(z) < 0}, then it is a
special case of Lemma 3.6 (with 1 = n — 1) in the next section that the functions

(6= L@,y =52, 1sisn,
J J

are local support functions at z,, for (M, D) and (M, D) respectively. Note that in
this case « only depends on { and v only depends on z. From (2.1a) and (2.1b) we see
that the degree of L(u) and L(v) in d{ is n — 1 and O respectively. Therefore
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Ly (u)(f) =0 unless f€ 2?°M N U) and L} (v)(f) =0 unless f €
27"~Y(M N U). Thus these terms are not obstructions when f € 279 M N U),
1 < g <n—2 It will be the goal of the next section to construct local support
functions for M at z, assuming the condition Y(q) holds at z,. We shall construct u
and v so that the terms L;,(u)(f) and L;,(v)(f) vanish when f € 27-9(M N U).

3. Before constructing the support functions, we need to construct defining
functions for M which have a particularly nice form. Let us assume that the given
point z, € M is the origin and that M is graphed over its real tangent space at 0, i.e.

M={zeC"Rez,=f(z,...,2,_1,Imz,)} withf(0)=0,vf(0) =

Thus f(z) = 0(|z|*) which means that there is a uniform constant C such that
|f(2)] < C|z|?* for all z sufficiently small.

Let p,(z) = Rez, — f(z), so that p; = 0 on M. By replacing p, by p; + ¢(p,)?* for
an appropriate constant ¢, we can arrange (3%,/92,9Z,)(0) = 1. A second order
Taylor expansion of p, about 0 yields

n ap n—1 2 _ 2
p,(z) =Rez, + Re ‘/\21 32,0 L (O)z k} + Z ik(O)zjzk +lz,|
Jk=
n-1 3
+2Re 5 a_ z, |+ 0(2).
Note that
n—1 82 n—1 32
(3.1) Re Z‘, % a' (0)z,z -Re Z a' (0)z,z
i= j=

n—1 2

+2Re [2 aa (O)z

Rez,.

Now let p be defined by the same formula for p, as above except that we replace
Re z, by f(z) in the last term on the right of (3.1). Since Rez, = f(z) for z € M,
clearly p is also a defining function for M. Since f(z) = 0(|z|?), we have p, = p +
0(|z|?) and therefore

n

azp n-1
p(z)=Rez, + Re[ /21 92,02, 0)z;z, - z zjzn]

n—1
9%
+/Z %

3
1 a- L (0)z7, +|z,I" +0(|zl).

We now make the analytic change of variables

n n-1
fn=z,.+[lz azaz (O)sz—zz a a- (O) :|’

2=z, 1<j=<n-1
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Relabeling 2 as z, we obtain

n—1 azp 3 3
p(z)=Rez, + MZ;l W(O)zﬂk +z,|” + 0(|z| )

Finally, by a C-linear change of the variables (z,,...,z,_,), we may diagonalize the
second term on the right to obtain

n—1
2 2
(3.2a) p(z)=Rez, + LAz +|z,1" + 0(l2),
j=1

where A, = +1,-1, or 0.
We also let p = p — 4p?. Note that p is also a defining function for M and

n—1
(3.2b) p(z)=Rez, + Y AJz| — |z, - 2Re(22) + 0(jz]').
&~

J

If we let D™= {z; p(z) < 0} and D*= {z; p(z) > 0}, then clearly both p and p are
defining functions for the pair (M, D) and —p and —p are defining functions for the
pair (M, D) (this is true at least in some neighborhood of the origin).

With the above choice of coordinates, (z,,...,z,_;) are the coordinates of the
holomorphic tangent space of M at 0, and A,,...,A,_; are the eigenvalues of the
Levi form of M at 0.

We now assume M satisfies condition Y(gq) at 0 which means that there are
min(n — ¢, g + 1) eigenvalues of opposite sign or max(n — ¢, ¢ + 1) eigenvalues of
the same sign. In the latter half of the Y(g) condition we may assume these
eigenvalues are positive. There are three cases associated with Y(q).

Case 1. There are n — g positive and n — ¢ negative eigenvaluesandn — g < g + 1.
In this case with p;, = p we may label variables so that (3.2a) becomes

n—gq ) 2n-2¢q )
(3.33) pl(z)= Rezn+ E ‘sz - z |zj|
j=1 j=n—g+1

n—1
2 2 3
+ X Azl #lel +o(l2)

j=2n-2¢g+1

and with 5, = p, (3.2b) becomes

n—gq 2n-24

(3.3b) 5(z)=Rez, + ;|z,|2- Yl

J=1 J=n—q+l

2
|
n—1

+ Y Azl -1zl - 2Re(22) + 0(2)),
J=2n-2q+1

where}\j= +1or0.
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Case 11. There are q + 1 positive and g + 1 negative eigenvalues and g + 1 <
n — q. With p, = p, (3.2a) becomes

q+1 2g+2 )
(3.42) pr(z) =Rez, + ¥ |z’ - 2 |zl
Jj=1 =gq+2

n—1
2 2 3
+ Y }\jlzjl +]z,| +0(|z| ),

Jj=2q+3

and with g, = p, (3.2b) becomes

q+1 2g+2 )
(3.4b) Br(z)=Rez,+ L |2/’ L Iz
Jj=1 J=q+2

n—1
2 2 3
+ ¥ Mgl —lz,]" - 2Re(22) + 0(|2]),
Jj=2q+3
whereA; = t1or0.
Case III. There are t = max(n — ¢, q + 1) positive eigenvalues. With p, = p,
(3.2a) becomes
n—1

(3.5) pg)-ku-+2k|+ zxp|+p|+mM)

Jj=1 J=t+1
wherekj = +1or0.

3.6 LEMMA. (a) Suppose there are n — q positive and n — q negative eigenvalues and
n — q < q + 1(Casel). Define

%WO l<j<n-—gq,
(3.6a) uj($,z2)= apl(i‘)+( .), n—-qg+1<j<n-1,
aPl(i’) j=n,
(3.6aa)
apl(§)+( z;), 1<j<n-gq,
;3%’ n—-q+1<j<2n-2q,
vl‘(§9z)= _
’ agz(f) ({j zj), 2n—-2g+1<j<n-1,
-3p
pl(f) 8(2 z,), Jj=n.

Then u', v* are local support functions for (M, D°) and (M, D*) respectively at z, = 0.
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(b) Suppose there are q + 1 positive and q + 1 negative eigenvalues with q + 1 <
n — q (Case 11). Define

ap —
—-%(Z)+(§,~-zj), 1<j<q+1,

o5
pz() g+2<j<2q+2,

(3.6b) u;(§,z)= ap
8_22(2)+(§j_zj), 2q+3<j<n-1,

J

ap 33
DR S O NS

a'Dz() 1<j<q+1,
_op —
(3.6bb) v ($,z) = azpz(z) +(§j— zj), g+2<j<n-1,
j
81 (,), j=n.

Then u? and v* are local support functions for (M, D") and‘ (M, D*) respectively at
z,=0.
(c) Suppose there are t = max(n — g, q + 1) positive eigenvalues (Case 11I). Define

a‘Ds(f) 1<j<t,

(3.6¢) u($, z) = ap’({)+( z;), t+ls<jsn-1,
ap’(I) j=n,

(3.6cc) Ot 2) = uX(z8), 1<j<n.

Then u® and v* are local support functions for (M, D) and (M, D™) respectively at
2= 0.

PROOF. (a) Let us Taylor expand p,(z) (3.3a) about the point {. We obtain

n

Pl(z)=P1(§)"2R [apl(g)(g_z)]"'Re z aigglo (g)(gj—zj)(gk_zk)

n

9%, T _ P
/AZIam{k(f)( 2) (G —z) + 0§ - 2I).
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From (3.3a) we see that (97 P1/9§,98,)(0) = 0 and hence

apl n—q 2n-2q )
pl(z)zp,(:)—zke[ () (;—z)]+ le ol - > llf"‘zfl

n—1
T S [y [ S ey [7[ e o T

J=2n-2g+1

where C is a uniform constant. By adding X"_ j_,, g+12[8 — zj|2 to both sides, then
rearranging the terms and noting that |A | < 1,2n — 2¢ + 1 <j < n — 1, we obtain

2Re[u!(, 2) -(§ = )] = ,8) = pu(2) +[5 = 2" = [l - 2+ - ).
We may now choose a neighborhood U > 0 of C” so that
2Re[w(§,2) (¢ = 2)] 2 ;&) = pi(2) + 3K — 2 forgze U,

which establishes (2.4a).
For (2.4b), we note that

dy (88 2) (€ = ) os = iz, 2) - b = 2(2)

=9p,(2) = %[dpl(z) - id‘pl(z)]'
Therefore
dy (Imu(§,2) (¢ = 2)}|yos A dpy(2) = ~ 3d1(2) A dpy(2) # 0

which establishes (2.4b). We also note the same calculation verifies that u! satisfies
(2.6).
For v!, the proof is similar. We Taylor expand p(z) about ¢ to obtain

5i(2) < Bu(0) + 2Re | () -(E - 2) + 5 w 2,)’
n—gq 2n—2q 2 n—1 2
+Z|§‘Z| - X -zl + X Ak -z
J=n—q+1 Jj=2n-2q+1

2 3
=16, = 2+ c[glls = 2 41 - 2.
Note that (3%5,/3¢2)(0) # 0 and so we cannot absorb this term into the error term
(last term on the right). Adding

n—gq n-1

20 -z +2 L g -zf

Jj=1 Jj=2n-2g+1

to both sides and using the definition of v! yields

2Re[0}(§, 2) (£ = 2)] = [-5,(8)] = [-Bu(2)] + 3¢ = 2|’
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for §, z € U, provided U > 0 is chosen sufficiently small. Noting that —p, is a
defining function for the pair (M N U, D*N U), we see that (2.4a) is satisfied with
p = —p;. The proof of (2.4b) for v! is the same as the proof of (2.4b) for u'.

The proof of (b) is analogous to (a). The only change is that one Taylor expands
p,($) and p,($) about the point z (instead of Taylor expanding p,(z) and p,(z)
about the point {).

The proof for (c) is analogous to (a). Note that after one has shown that u° is a
local support function (M, D") at z, = 0, one can reverse the roles of { and z and
replace p by (—p;) in (2.4a) to immediately obtain that v is a local support function
for (M, D*)atz, = 0.

As stated at the end of §2, our goal is to construct support functions u, v so that
the corresponding terms Lj,(u)(f) and L;,(v)(f) vanish when f € 279(M N U)
(assuming that M satisfies condition Y(gq)). This is the goal of the next lemma.

3.7. LEMMA. Assume M satisfies condition Y(q) and that u*, u?, u3, v*, v?, v3 are
defined as in (3.6).

(a) If u is either u' or v', then the degree of L(u)(§, z) in dz (resp. d{) is at most
q — 1 (resp. at Ieastn - q)

(b) If u is either u* or v?, then the degree of L(u)({, z) in dz (resp. d{) is at least
q + 1 (resp. at mostn — q — 2).

(c) With t = max(n — q, q + 1), the degree of L(u®)($, z) in dz (resp. dt) is at
most n — t — 1 (resp. at least t). The degree of L(v>)(§, z) in dt (resp. dZ) is at most
n —t — 1 (resp. at least t).

Note that if f € 2£9%(M N U), then f pairs with the piece of L({, z) of type
n — g — 1 in df when integrated on M. Therefore in view of the above lemma we
have that if f € {9, then

Ly (u)(f) = Lyy(')(f) =0 (for CaseI);
Ly (u®)(f) = Ly (v*)(f) = 0 (for Case II);
Ly, (u®)(f) =Ly (v*)(f) =0 (for Case III).

PROOF. (a) From (3.6a) we have
(38) [3u'-d(t-2)]""" = lza;(a?(f))w(fj—zj)
J
n—1

S AR e

j=n—q+1

-T2 | Zal S 0] nats - )]H_k

A[ T d(5=5) Adl,- )].

Jj=n—q+1
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The first sum on the right stops at k = g — 1 because there are only g — 1 terms
in the sum

n-1
S= X d(fj‘zj) ANd(S; - z;)
Jj=n—gq+1
and therefore the wedge product S* vanishes when k > ¢ — 1. From (3.8) and (2.1a)
it is now clear that the degree of L(u!)({, z) in dZ is at most ¢ — 1. Since the total
degree of L(u')(¢, z) in d€ and dz is n — 1, clearly the degree of L(u')(¢, z) in d¥ is
at least n — q. The proof of the other parts of the lemma are analogous.

4. The local solution to 3,,. It is the goal of this section to prove Theorems 1.1 and
1.3. We assume the hypersurface M is presented as in §3 and that the given point z,,
in Theorem 1.1 is the origin. Let w © 0 be the given open set in Theorem 1.1. Choose
w CCwnN U,0 € &, where U is the open set where the local support functions u’,
v',i=1,2,3,in Lemma 3.6 are defined. Choose ¢ € Ci°(w N U) with ¢ = 1 on .
Let f = ¢f, where f € £7+%(w) is the given form in Theorem 1.1.

We first assume Case 1. From (2.5d) and Lemma 3.7, we have

(4.1) F= -0 { Ry (', 0)(f)} = Ry (!, )(3),f) onMnNU.
We claim that the term
g(z) = R(', o )([M]™ A 3F)(2)

n,n—1

= f{eM R(u!, 0")(¢, 2) A OF(S)

is smooth for z in some open set W 2 0in C".
To see this, note that d,,f = 0 on ’ since d,,f = 0 on w. Let

e=min{[{|,{ € w — '}.
Let
W= {z;p,(z) <&?/8,p,(z) > —€?/8, |z| < e/2}.
If { € w — « and z € W, then from (2.4a) with p = p, we have
Re[u'({,2) (¢ - 2)] = C[-p,(2) +[§ - 2] = C[e2/8] > 0.
Likewise, from (2.4a) with p = —p, we have
Re[0'(§,2) (¢ - 2)] = €[ py(2) +[¢ — 2]

>Ce?/8>0 for{€w—wandze W.

Thus R(u!, v')(§, z) is smooth for { € w — «’ and z € W and so g is smooth on W
as desired.
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We also claim that 9g = 0 on W. We have

n,n—1

dg(z) =/§eﬂ;5..{R(u‘,v‘>(z, 2)} AOF(E)

n,n—1

- [, RGEDE DY A FTE)

n,n—1

—/{EM'SK{Rw,vl)(c,z)} AOF(2).

An easy integration by parts argument together with type considerations shows that
the last term on the right vanishes. From (2.2) we have

n,n—1 n,n—1

(42) ()= [ LONEAGFE) - [ LG 2) AT

{eM

Now 0f is of type (p, g + 1) and will pair with the piece of type (n — p, n — q — 2)
in ¢, which vanishes according to Lemma 3.7(a). Likewise, the first term on the right
of (4.2) vanishes. Therefore 9g = 0 in W as desired.

If we let W’ be a ball centered at 0 with W’ C € W, then we can solve du = g on
W’ with an integral kernel formula for u. This is well known, for example cf.
Proposition 6.2 and Theorem 6.10 in [HP1]. Since { g|,} r,, is the second term on
the right of (4.1), we have

f=7=0y[-Ru(u' . )(f) = (uln)r,] on W’ M,

as desired. This completes the proof of Theorem 1.1 for Case I.
For Cases II and III one may replace u' and v! by u/ and v’ respectively (for case
J.J = 2,3), to obtain the analogue of (4.2), namely

n.n—1 n,n—1

(42)" 3g(z2) =f§€M'L(vf)(§.2) AIF(S) - f{eM'L(u’)(f,Z) ABf(8)

for case j, j = 2, 3. In these cases we still claim that 3g = 0 on W, but this does not
follow from Lemma 3.7. For example it is not a priori clear that L(02)(M]%' A 3f)
vanishes because 9f pairs with the piece of L(v*)({, z) of type (n — p,n — g — 2) in
¢ which does not necessarily vanish from Lemma 3.7 (b). From (3.6bb) and (2.1), the
piece of L(v?)(¢, z) of type n — g — 2 in d{ equals K(§',¢",$, 2) A dt”, where
$ =G bge) §7 =G innenbpn), A8 =dS 3 A - A dE, | and where
K($', 8", ¢, z) is a differential form with coefficients which are analytic in {’, §,
(away from the singular set of L(v?)). Therefore

(4.3) L(uz)([M]O‘1 A Sf)(z) = LEMK(f',I", s z) AOf(¢) AdL”.

If we could integrate by parts in the above formula, we could easily conclude that
L(v*)(M]* A 3f)=0 on W because formally 9{K({’,$”,¢,, z) AdS”) =0.
However, K({’,¢”, ¢,, z) is not smooth for { € M and z € W. Instead, we must first

n’
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perform the approximation argument in [B2], which is a modification of an argu-
ment used by Henkin [He] in the strictly pseudoconvex case.

To implement the argument, we must first carefully choose the sets »’ and W. We
let

(4.4) r(z) = Rez, — 22"
For a > 0, let w, = {z € M; r(z) > —-a}. We claim the collection {w,; a« > 0}
forms a neighborhood basis for M about 0. To see this note that if z € M, then
p>(2) =0, i.e.
n—1
;2 2 2 3
Rez,= —|z"+ X wlzf =z, + 0(l2]),
J=q+2
where p, = +1 or 0 (cf. (3.4)). If z € w,, then Rez, + a > 2|z”|%. Subtracting
these two inequalities yields
a >l + " + ) = Cll’

where C is a uniform constant. It is now clear that z — 0 as a — 0 as desired.

Now first choose 8 > 0 so that wccwnU. Then choose a, 0 < a < B.
Choose ¢ € C°(wg) with ¢ = 1 on w, and let f = ¢f. Clearly supp 9,/ C ws — w,.
Since

forz € w,,

2
Re[0%(5, 2) (¢ = 2)] = C[a(2) = pa(§) +I5 - 1]
we may choose an open set W 2 0 in C” as above such that
(4.5) Re[v2(8. 2) -(§ = 2)] > 0
for{ € C"with -8 < p(¢) < -aand forz € W.

Let #: C" > C_"“"2 be the standard projection map w(§’,{",§,) = {". Let
A =m{M N suppd,f} c C" 972 For each ¢ > 0 choose §fed,j=1,...,N(e),
such that 4 c U 731’3;, where B/ is the open ball of radius ¢ in C"™4 ~2 centered at
§r. Let ¢5($”)| )9 be a partition of unity for the set A4 subordinate to the cover
Bf|}{?. Fix any z € W. By (4.5) clearly K({’,{”, §,, z) (which is made up from
coefficients of the form L(v?)) is continuous for ¢ in a neighborhood of supp 3f €
wg — w,. Therefore we can approximate the integral on the right side of (4.3) by the
expression

N(e)

¢ (E)K(8, 85800 2) ABF(E) A dE”

j,ljg:e(cv*zxa;)mw

for suitably small . Therefore it suffices to show that

#(E)K(8, 858, 2) AIF(§) A dE” =0

j;e(c‘l*zxs;)n/w

for ¢ > 0 sufficiently small and 1 < j < N(e).

Now supp 0,,f © wp — w,. Moreover it is clear from the formulas for p, and r (cf.
(3.4a) and (4.4)) that the set

Br= {(1.0,) € €7 x € B s r(5.47.8,) < —aand oy (7,548, < 0)
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is a convex compact set in C7*2, If z € W is fixed, then it is now clear from (2.1),
(3.6bb) and (4.5) that K (§~’, §5 §us 2) 1s analytic for (7, §,) in a neighborhood of the
polynomially convex set B. Therefore, for each ¢ > 0 fixed and sufficiently small,
there is a sequence K;/|®, which are entire functions in C7*2 with K/({’,§,) —
K($', §, §,» 2) uniformly for (¢, §,) in some neighborhood of Bf. Thus we have

&K (885,80 2) A DFE) A dE”

'/;G{C"”xBl‘)nM

= lim o (¢) K, 8,) A BF(E) A dE”.
v— 00 §e{C"‘2><B/‘)ﬂM ’
For each » > 0, we may integrate by parts in the last integral and conclude that the
terms in the above limit vanish because

3{k/(¢.8,)) =0 and 3{¢:(s”)dS"} = 0.

Thus L(v*)(M]% A 3f)(z) =0 for z € W as desired. Similar arguments show
that L(u?)(M]%! A 3f) and L(v*)[M]%' A 3f) vanish on an appropriately chosen
neighborhood W 3 0 in C". Note that L(x>)[M]*! A 3f) = 0 by type considera-
tions (this is analogous to L(u') and L(v') as done above).

From (4.2)" we conclude that 9g = 0 on W in Cases II or III as well as Case I. The
rest of the proof for Cases II or III is the same as the proof for Case I.

For the proof of Theorem 1.3, note that condition Y(0) reduces to Case II only,
i.e. there is at least one positive and one negative eigenvalue in the Levi form of M at
0. Equation (4.1) with «' and o' replaced by u? and v? yields

f=Ff=-Ry(u?0})(3,f) onw.
This holds whenever 3,,f = 0 on «’, i.e. f is CR on «’. The above arguments show
that —R ,,(u?, v*)(3,,f) and hence f is the restriction on M N W of the form

(4.6) —R(uz,vz)([M]o‘1 A ﬁf)

which was shown to be 9 closed, i.e. holomorphic, in W. This establishes Theorem
1.3 with (4.6) giving an explicit formula for the CR extension.

5. Nonsolvabilty of 3,. In this section, we prove Theorem 1.2 by kernel methods. If
M is strictly pseudoconvex, then nonsolvability at the top degree (¢ = n — 1) has
been thoroughly analyzed by Henkin (cf. [He, Theorem 4.1]). We shall use his results
to prove Theorem 1.2.

Let us assume ¢ < n — 1 and z, = 0. In this case, we let p be a defining function
for (M, D7), where

2 2 3
p(z) =Rez, +|z/| —|z”| +0(|z| ),

where we have written z” = (zy,...,2,, z,) and z” = (z,,,...,2,_1). Set
D()_ = {Z’ c Cq+l; P(Z’,O”) < 0},
Dy = {z/ € C**};p(2’,0”) > 0}.
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The set D, is clearly strictly convex (near 0) with boundary M, = {z' €
C*Y p(2’,0) = 0}. Since the Levi form of M, c C? *1 at 0 has g positive eigenval-
ues, we may use Lemma 3.6(c) with n replaced by ¢ + 1 and ¢ replaced by g to
obtain local support functions « and v for (M,, D;y) and (M,, D), respectively,
wheére

’ ’ a ’ ”n ’ ’ ap ’ ” .
u,(§,2)=a—?(§,0 ), v, z2) = -5 (2,07),  1s<j<q+1.
J J
Let a € Q%X(U N M,), where U 2 0 is the open set in C" where u and v are
defined. From equation (2.5d) we have
(5.1) a = -y { Ry (u,0)(a)} + Ly (v)(a) onM,N U.

Since M, N U is strictly convex we can choose a € 2; MI(My N U) (cf. [He, Theo-
rem 4.2]) so that the equation 9 m,8 = @ has no continuous solution on any
neighborhood of 0 in M,

Let

fo(2') = L(0)([ M1 A @)(2")

=L, L@ ) Aalg).

By Proposition 2.5(a), f, is smooth on D0 N U. We claim that 3,.f = 0 on D N U.
Note thatif z’ € Dy N U, then

W)= [, BALEE ) Aa)

— 1

= ben ag,‘z,L(v)(f’, ) Aa(g).
The last equality holds because v is independent of {’ and therefore L(v)({’, z’) is
analytic in {’. The above expression vanishes by (2.2). Thus 3,.f, = 0 on Dy N U as
desired.

Now let #(z’, z”’) = z’ and set f = w*f,, i.e. f is just the extension of f, with f
independent of z”. Clearly, f is smooth and 3f = 0 on {—lf NU}XC" %L In
addition, since the Levi form of M has negative eigenvalues in the directions

e C" 97, clearly MNUc {Df NU}xC" 91 if U0 is chosen suffi-
ciently small. We conclude that 3,,f = 0 on M N U, where f = [ f| mlr,- We claim
that 3,,g = f has no continuous solution g in any neighborhood of the origin in M.
Note that if 9,,g = f on M near 0, then by restricting to M,, we have

94,80 = L3z (v)(«) on M;near 0.

However, this equation together with (5.1) implies that the equation 9 MM = ais
solvable on some neighborhood of 0 in M,,, and this contradicts the choice of a.

This completes the nonsolvablility in degree ¢q. To obtain nonsolvability in degree
n — q — 1, one repeats the above arguments except one lets M, be the slice of M
withz; = --- =z, =0.
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We note that nondegeneracy of the Levi form is not necessary in the above
arguments for nonsolvability in degree g. All that is needed is for the Levi form to
have g positive eigenvalues (so that M is strictly convex) and we need M N U C
{D_O+ N U} x C" 97 '}, For example, the above arguments can apply to M =
{z; p(z) = 0}, where p(z) = Re z, +|z’|> — ¢(z”) with ¢(z”") smooth and ¢(z") >
0. We also remark that Treves [T2] has recently obtained nice nonsolvability results
assuming M is real analytic.
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